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ABSTRACT
Inmulti-agent systems, cooperative behavior is largely determined
by the network structure which dictates the interactions among
neighboring agents. These interactions often exhibit multidimen-
sional features, either as relationships of different types or tem-
poral dynamics, both of which may be modeled as a "multiplex"
network. Against this background, here we advance the research
on cooperation models inspired by generalized reciprocity, a sim-
ple pay-it-forward behavioral mechanism, by considering a multi-
dimensional networked society. Our results reveal that a multiplex
network structure can act as an enhancer of the role of generalized
reciprocity in promoting cooperation by acting as a latent support,
even when the parameters in some of the separate network dimen-
sions suggest otherwise (i.e. favor defection). As a result, general-
ized reciprocity forces the cooperative contributions of the individ-
ual agents to concentrate in the dimension which is most favorable
for the existence of cooperation.
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1 INTRODUCTION
Recent biological studies suggest that cooperative behavior can
emerge and be sustained if it is based on generalized reciprocity,
a rule rooted in the principle of “help anyone if helped by some-
one” [12]. In [1, 5, 8] it was shown that cooperation under this
mechanism may be a consequence of the changes in the physio-
logical state of the agents caused by their positive experience from
previous interactions.
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The first steps towards developing a framework for studying
the role of a state-based generalized reciprocity update rule in net-
worked societies were made in [11, 13]. In these works, the incen-
tives for cooperation are determined by a sole variable called inter-
nal cooperative state which reflects the agents’ current welfare. A
distinctive characteristic of the model is that, in steady state, the
simple decision rule promotes cooperationwhile, at the same time,
prevents the agents from being exploited by the environment.
While this and similar models shed valuable insights on the role
that network topology plays in promoting cooperation, most of
them have so far addressed only interactions on networks that
are of one “dimension”, ignoring possible multidimensional phe-
nomena, i.e. multiplex network structures. This is a slight draw-
back since real-life networks often exhibit heterogeneous proper-
ties within the edge structure that are of fundamental value to the
phenomena present in the system [6]. For instance, in social net-
work analyses the patterning and interweaving of different types
of relationships are needed to describe and characterize social struc-
tures [2, 14]. In telecommunication networks, the physical edges
are often “sliced” intomultiple parts in order to support the require-
ment of different devices [7, 9]. Even genetic and protein relations
between organisms constructed in multiple ways are crucial for
the analysis of their global interaction properties [3, 10].
To this end, here we extend the model introduced in [13] to ac-
count for a multiplex network structure, with the aim to character-
ize the network cooperation dynamics under the premise of a state-
based behavioral mechanism rooted in generalized reciprocity. In
our extension the dimensions act as platformswhich facilitate trans-
actions between active members. The activity of the agents is mod-
eled by constraining their presence to one dimension per round,
and by making them able to answer only to requests from that
same dimension. While this assumption is consistent with the ran-
dom walk models on multiplex networks [4], it is additionally ra-
tional to be implemented in systems where the round duration is
very short and/or when agents have limited interaction capacity.
The resulting mechanism, which retains the property of prevent-
ing exploitation, exhibits additional numerical features that act as
promoters of cooperation in a multiplex network structure.
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Figure 1: Heat map for the fraction of unconditional cooperators as a function of the benefit and cost ratio bl/cl for a sample of
two dimensional random graphs in which there is an update rule for dimension presence. (a) ER-ER random graph. (b) ER-BA
random graph. (c) BA-BA random graph. (d)-(f) Heat map for the steady state values for the average probability that an agent
is present in the first dimension for the same graphs. All networks have 100 agents and average degree 8.
2 MODEL AND RESULTS
We consider a population ofN agents whose relations are modeled
as a connectedmultiplex network, defined as the tripletG (N , E,L),
where N (the set of nodes) corresponds to the set of agents, E ⊆
N ×N is the set of edges that describes the relationships between
pairs of agents, and L is the set of L properties that can be attrib-
uted to the edges and which define the dimensions of the network.
The interactions between the agents are modeled as follows: in
each round t , each agent i randomly chooses a dimension l where it
will be present in that round with probability Bil (t); then it sends
a cooperation request to a randomly (on uniform) chosen agent
j from its neighborhood in the l-th dimension. Upon selection, if
agent j is present in the the l-th dimension, it receives the request
and cooperates with probability pj (t) representing the agent’s in-
ternal cooperative state at round t ; When cooperating, agent j pays
a cost cl > 0 for agent i to receive a benefit bl > 0.
We base the behavioral update rule on the accumulated payoff
of the agent i by round t , Yi (t) = Yi (t − 1) + yi (t), with Yi (0)
being the initial condition and yi (0) = 0 is the payoff in round 0.
Formally, the cooperative state of i at round t + 1 is defined as
pi (t + 1) = f [Yi (t)] , (1)
where we assume that the function f : R→ [0, 1] is increasing. A
plausible choice which reflects real-world behavior is the logistic
function f(ω) =
[
1 + e−k(ω−ω0)
]−1
, where the parameters k and
ω0 define the steepness and the midpoint of the function.
In a similar fashion, we define the dimension update rule as
Bil (t + 1) =
exp (Yil (t))∑
m exp (Yim(t))
, (2)
where Yil (t), is the accumulated payoff in dimension l by round t.
In the numerical study of the model properties, we compare
realizations of three different multiplex networks each composed
of two dimensions that are generated independently. In particular,
the dimensions of the first multiplex network are constructed by
generating two Erdos-Renyi (ER) random graphs, the dimensions
of the second by generating one Erdos-Renyi random graph and
one Barabasi-Albert (BA) scale-free graph, and the third by gener-
ating two Barabasi-Albert graphs. The results are shown in Fig. 1.
Panels (a)-(c) show the heat map for the fraction of individuals with
steady state incentive for cooperation p∗i equal to one as a function
of the benefit to cost ratios. For all network types we observe that
cooperation may exist even if the benefit to cost ratio in a dimen-
sion suggest otherwise. This is a result of the fact that the negative
payoffs from the original dimension are compensated with posi-
tive payoffs from the other dimension. If at least one agent receives
higher steady state payoff from the supporting dimension than the
loss in the original, then cooperation will persist. This aggregate
behavior can be explained by looking at panels (d)-(f) of the figure,
where we display the heat map for the average steady state proba-
bility for being present in the first dimension as a function of the
same parameters. Obviously, the dimension in which the agents
are always present in steady state is not always the same, i.e. it is
dispersed among the agents depending on the network topology
and parameters. This is a key feature of the model since it implies
that the dimension update rule forces the agents to accommodate
their presence towards the dimension where they are either least
burdened to cooperate or in which most of their cooperative neigh-
bors are present. As such, when coupled with the generalized reci-
procity state update rule (1), the dimension update rule eases the
promotion of cooperation in the system, in the sense of existence
of agents with steady states probability for cooperation p∗i greater
than zero.
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